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Introduction

Three Subset Sum Questions

G: Any group

ABCG

A+B={a+b|acAbeB}.

© Kneser |A+B|>f(]A,|B],...)

@ Powerset Sums [{S>C|CCA}>f(A]...)

© Erdos/Ginsberg/ziv.  k > f(|A|,...) implies
oe{xcice®}
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Kneser: |A+B| > f(|A],|B],...)

Integers:
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Kneser

Kneser: |A+ B| > f(|A[,[B],...)

For integers,
|A+B| > |A| + |B| — 1.
Equality iff they are a.p. with common difference.



Kneser

Kneser: |A+ B| > f(|A[,[B],...)

=

Theorem (Cauchy-Davenport)

For Z/pZ, p prime,
A+ B[ > min{|A| + |B| - 1,p}.
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Kneser: |A+ B| > f(|A[,[B],...)

For A,B C G Abelian,
|A+B| > max{|A|,|B|} Thisisajoke:-)

Mod 12: {2,6,10} + {3,7,11} = { }
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Kneser: |A+ B| > f(|A[,[B],...)

For A,B C G Abelian,
|A+ B| > max{|A|,|B|} Thisisajoke:-)

g, +H 7%
W i
g H N

H

A B A+B
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Kneser: |A+ B| > f(|A[,[B],...)

For A,B C G Abelian,
|A+B| >f(|Al,[B],H)
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Kneser

Kneser: |A+ B| > f(|A[,[B],...)

For A,B C G Abelian,

|A+B| > f(JA|,|B|,H) must peek at to determine H
g, +H
g, +H
+ =
g +H

g
A

B A+B



Kneser

Kneser: |A+ B| > f(|A[,[B],...)

Theorem (Kneser)

For A,B C G Abelian, where H = Stab(A + B),
IA+B|>|A+H|+|B+H|—H|
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Kneser

Kneser: |A+ B| > f(|A[,[B],...)

Theorem (Kneser, 53)

For A,B C G Abelian, where H = Stab(A + B),
IA+B|>|A+H|+|B+H|—H|

g, +H
g, +H .
g, +H

g

A+H B+H A+B




Kneser

lterated Kneser

For A,B,C C G Abelian, where H = Stab(A + B + C),
IA+B+C|>|A+H|+|B+H|+|C+H|-2H|

g, +H
+H
9, . . _

A B C A+B+C



Kneser

lterated Kneser

Theorem (Iterated Kneser)

For A1,...,Am C G Abelian, where H = Stab(} ; Aj)
|22 A= X5 A +H] = (m—1)[H|




Kneser

lterated Kneser

Theorem (Iterated Kneser)

For Aq,...,Ax € G where H = Stab(}; Aj)
| > i Ail > |H| (total # represented H-cosets — # additions)
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Powerset sums

S (A) = {ZB | BgA}

A ={1,3, 4}
> (A)={0,1,3,4,5,7,8}

A ={0,1,2}
> (A)={0,1,2,3}

A={-1,01}
> (A)={-1,0,1}



Powerset sums

Powerset sums

Theorem (Easy)
If A C Z, then

S|z |5+

Equality: A={-m,...,-1,0,1,... m}
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A=1{a,...,an} C G abelian

DA ={>B[BCA}

={0,a;}+{0,a,}+...+{0,an}
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A={ay,..., am} C G abelian

DA ={>B[BCA}

={0,a;}+{0,a,}+...+{0,an}

‘Z(A)‘ > [H|(m + #ofa notinH — (m — 1))
= H|+ [H| - A\ H]

Goal: }Z(A)‘ > [H| +c|A\ H[?

ez 2 [
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ACG
|A|2Jc—p}:‘Z(A):G
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Powerset sums

Toward |>"(A)| > |[H| +c|]A\ H|?

ACG
|A|2Jc—p};‘Z(A):G

°
@ (Olson 68) c=4
® (VanVu 06) G =Z%Z/nZ ACU(G) chuge Now

c =48
Uses (Szemeredi-Vu)

Theorem (DGMS, 08)
For A C G Abelian, with H = Stab(}_(A)),

[S°(A)] = HI+ g5 A\HP

.1 1
Open: z5+— 7 +e€



Powerset sums

Proof Outline

@ Generalize to multisets A

® Reduce to case H = {0}

@ (Inspiration: EH) |A] =m = 3B ¢ (LmA//ZJ)7 153(B)] > &m?
@ Grow B carefully.

@ Induct on m, keep track of (A — B).
@ Examine Cayley graphs in unbalanced cases

o A=
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Powerset sums

Proof Outline

@ Generalize to multisets A

® Reduce to case H = {0}

@ (Inspiration: EH) |A] =m = 3B ¢ (LmA//ZJ)7 153(B)] > &m?
@ Grow B carefully.

@ Induct on m, keep track of (A — B).
@ Examine Cayley graphs in unbalanced cases

@ A=B;UB,UB3UA’



Powerset sums

Proof Outline

@ Generalize to multisets A
® Reduce to case H = {0}
@ (Inspiration: EH) |A/| =m = 3B ¢ (LmA//ZJ), |3°(B)| > &m?

@ Grow B carefully.
@ Induct on m, keep track of (A — B).
@ Examine Cayley graphs in unbalanced cases

@ A=B;UB,UB3UA’
© (Knesen) | (81)| : B + g5 + -
2
= 75 — O(logm)



Vanishing Subsequence Sums

k -out-of-m sums

a = (a,ay,...,am) sequence from G

S¥a) = {ay, +a,+---+a, | 1<iy<iy<---<ix<m}

Theorem (Erdos-Ginsberg-Ziv, 61)

m>2|G|-1 = 0e Y.%)



Vanishing Subsequence Sums

k -out-of-m sums

Theorem (Erdos-Ginsberg-Ziv, 61)

m>2|G|—1 = 0e %)

Proof (G =Z/pZ)
a < ao

< Ap—1
S @ < apq

Qp-2 < Ayp-1

ININ
VARVAN




Vanishing Subsequence Sums

k -out-of-m sums

Theorem (Erdos-Ginsberg-Ziv, 61)

m>2|G|—1 = 0e %)

Proof (G =Z/pZ)
a < ao

< Ap—1
S @ < apq

Qp-2 < Ayp-1

{ag, ap} +{az,apqa1} + - +{ap_1,82p 2} +{azp_1}
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Vanishing Subsequence Sums

k -out-of-m sums

Theorem (Erdos-Ginsberg-Ziv, 61)

m>2|G|—1 = 0e %)

Proof (G =Z/pZ)
a; < &
S @ < apq

ap_l
Qp-2 < Ayp-1

{ag, ap} +{az,apqa1} + - +{ap_1,82p 2} +{azp_1}

Either: di, aj =aj;1=---=aj;p-1 (sumtoO0)

ININ
VARVAN




Vanishing Subsequence Sums

k -out-of-m sums

Theorem (Erdos-Ginsberg-Ziv, 61)

m>2|G|—1 = 0e %)

Proof (G =Z/pZ)
ap < ao <

< a-p < a-p—|-1 <

ap_l
Qp-2 < Ayp-1

{ar,ap} +{az,apia} + - +{ap-1,a2p 2} +{agp-1}
Either: di, aj =aj;1=---=aj;p-1 (sumtoO0)
or (CD) [S|>min{p,(2p—-1)—(p—1)} =p,so0¢€S.

VARVAN




Vanishing Subsequence Sums

k -out-of-m sums

EGZ Generalizations

Theorem (Bollobas-Leader, 99 “shorter sequences”)

‘Z'G‘(a)‘ >m—|G|+1, or

Gl<m<2G|—1 = .
0e Y% )

Theorem (Hamidoune, 03 “t summands”)

‘Zt(a)‘ >m-—t+1,or
3i, ta; € Y (a)

t<m<2t|—1 :>{



Vanishing Subsequence Sums

k -out-of-m sums

More EGZ Generalizations

Theorem (Grynkiewicz, 03 “many distinct summands’)

m > (G| } N {Z'G(a)1zm—\6\+k—1, or

#{a} 2 Kk IH’ € YI6l(@), {0} #H' <H

Conjecture (Gao, 96 “controlled repetitions”)

m>n+k-1
k > n/minprime(n) maxrep(c) > K

G =Z/nZ } N {Oe SI€1(), or
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k -out-of-m sums

Cauchy-Davenport = EGZ G = Z/pZ
Kneser = EGZ G Abelian
?7?7? = EGZ Generalizations



Vanishing Subsequence Sums

k -out-of-m sums

Cauchy-Davenport = EGZ G = Z/pZ
Kneser = EGZ G Abelian
“k-out-of-m Knesser” = EGZ Generalizations



Vanishing Subsequence Sums

k -out-of-m Kneser

A= (A1>A2> . aAm)a Ai €G
SK(A) = (A, 4 AL+t A, [1<ii<ir<-- <ic<m)




Vanishing Subsequence Sums

k -out-of-m Kneser

A=(A1As....,Am), A €G H:=Stab (ZK(A))

Theorem (DGM, 07)

‘Ek (A)‘ > |H| (total # represented H-cosets* — # additions)

* no coset may be counted > k times.




Vanishing Subsequence Sums

k -out-of-m Kneser

A=(Ai,As ..., An), A €G H :=Stab (Zk(A))

Theorem (DGM, 07)

[ A 2 1H] (Zgeqmmin(<, {i | ANQ #0}) — (k- 1))

= , _ %




Vanishing Subsequence Sums

k -out-of-m Kneser

Proof Features
@ Generalize: K-coset patterns, arbitrary K < G
° min‘zk(A) ;o minY " Al max >, A% minm
@ WMAH = {0}
@ Special case: k = mand Ji |A; + K| > |K]
@ Setup A’ = (A1 NALALUAL A3, ..., An)

@ Convergents and their stabilizers:
Sums: SK(A)CC; CCyC - C
Stabs: H' > H;>Hy;>-.->

> (A)
{0}
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k -out-of-m Kneser

Proof Features
@ Generalize: K-coset patterns, arbitrary K < G
° min‘zk(A) ;o minY " Al max >, A% minm
@ WMAH = {0}
@ Special case: k = mand Ji |A; + K| > |K]
@ Setup A’ = (A1 NALALUAL A3, ..., An)

@ Convergents and their stabilizers:
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Vanishing Subsequence Sums

k -out-of-m Kneser

Proof Features
@ Generalize: K-coset patterns, arbitrary K < G
° min‘zk(A) ;o minY " Al max >, A% minm
@ WMAH = {0}
@ Special case: k = mand Ji |A; + K| > |K]
@ Setup A’ = (A1 NALALUAL A3, ..., An)

@ Convergents and their stabilizers:
Sums: C C C..

C - C
Stabs: H > Hy >H,>---> {0}
° 3t, Ci =Y (A)




Vanishing Subsequence Sums

Dependence among results

Conj 1.13
Schrijver-Seymour

/ \

Thm 1.2

Kneser
Schrijver— /
Seymour

Case® prte | [coid  [coim] Sk
] |
e
~ A
s oo [Thm 19 Thm111] [Thm1s
& Zhuan Grynkiewicz Gao Hamidoune
: S\ /
Thm 1.12 Thm 1.1 Th

Bialostocki—Dierke \

a8

. mild4.
Cauchy-Davenport Erdos-Ginsburg-Z




Vector formulation of “k -out-of-m”

7
A2 A3




Vector formulation of “k -out-of-m”

H +E +E + : gZ+H
L] 7
A2 AS

E

E=Gx[m], e=(g,i)
G-weight: w(e) :=g
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Vector formulation of “k -out-of-m”

E=Gx[m], e=(g,i)
G-weight: w(e) :=g H +E + E +

Vi,...,Vm € R¥
in general position E

v ifw(e) e A v,
v(e):= {o ifw(e) ¢ A o/




Vector formulation of “k -out-of-m”

E=Gx[m], e=(g,i)
G-weight: w(e) :=g N . . - |
7
A2 A3

Vi,...,Vm € R¥
in general position E

i if W(e) €A 2 v
v(e):= {o ifw(e) ¢ A o/

Then SX(A) = {w(B) | v(B) is a basis of Rk }

w(B):=> {w(b) | beB}
v(B):={v(b) | v eB}



Vector formulation of “k -out-of-m”

DGM Theorem Restated:
H + E + E + :
w:E —G
O
A, Ay E/A‘

B:={B CE | v(B)is basis } A A
w(B)={w(B) | B € B} E

4

‘Ek (A)‘ > |H| ( total # represented H-cosets* — # additions)

* no coset may be counted > k times.



Vector formulation of “k -out-of-m”

B:—{BCE | v(B)isbasis} | 2
w(B) ={w(B) | B € B}

1

DGM Theorem Restated:
H +E +§ + :
w:E -G
E

|24 A = HI (SZoeemmin(, i | ANQ#0}) — (k1)



Vector formulation of “k -out-of-m”

DGM Theorem Restated:

—_—h A==
w:E—G
|
AZ A3
E

B:={B CE | v(B)is basis } A n | S
w(B) ={w(B) | B € B}

1

[SFA 2 HI (Sqeommin(e.{i | ANQ#0}) — (k1))

W(B) = H| (Loeam kw Q) ~ (k-1)



Vector-based generalization of “2 -out-of-3”

Variations: E i
%%
A2 A3




Vector-based generalization of “2 -out-of-3”

Variations: E i
%%
A2 A3

eg. Lift v; out of plane. Vv, %

w(B) = A;+ “add any 2 out of Az, Az, Ay”
w(B)| > 777



Vector-based generalization of “2 -out-of-3”

Variations: E i
%%
A2 A3

eg. Lift v; out of plane. Yiv,

w(B) = A;+ “add any 2 out of Az, Az, Ay”
W(B)| = [H] (Sqeem kw(Q)) — (k- 1)) (Conjecture?)



Matroid-based generalization of “2 -out-of-3”

Conjecture (Seymour-Schrijver, 91)

For:
@ G Abelian
@ B C 2F a set of bases of a vector space of rank k
ow:E—G,

we have

w(B)| = [H ( > k(w Q) — (k- 1))

QeG/H




Matroid-based generalization of “2 -out-of-3”

Conjecture (Seymour-Schrijver, 91)

For:
@ G Abelian
@ B C 2F a set of bases of a matroid of rank k
ow:E—G,

we have

w(B)| = [H ( > k(w Q) — (k- 1))

QeG/H




Group-weighted matroid conjecture

Conjecture (Seymour-Schrijver, 91)

For any Abelian-group weighted matroidw : M — G,

w(B(M))| > H <1rk(M)+ > rk(wl(Q)>)

QeG/H
True for:
@ Rank 2 matroids ( )
@ Uniform matroids ( )
@ Uniform + parallel matroids ( )
@ |G| = prime ( )

@ |G| = prime power ( )
@ |G| = product of two primes ( )



Group-weighted matroid conjecture

Conjecture (Seymour-Schrijver, 91)

For any Abelian-group weighted matroidw : M — G,

w(B(M))| > H <1rk(M)+ > rk(wl(Q)>)

QeG/H
True for:
@ Rank 2 matroids ( )
@ Uniform matroids ( )
@ Uniform + parallel matroids ( ) As seen
@ |G| = prime ( )

@ |G| = prime power ( )
@ |G| = product of two primes ( )



Group-weighted matroid conjecture

Conjecture (Seymour-Schrijver, 91)

For any Abelian-group weighted matroidw : M — G,

w(B(M))| > H <1rk(M)+ > rk(wl(Q)>)

QeG/H
True for:
@ Rank 2 matroids ( )
@ Uniform matroids ( )
@ Uniform + parallel matroids ( )
@ |G| = prime ( )
@ |G| = prime power ( ) Subgroups are nested

@ |G| = product of two primes ( )



Group-weighted matroid conjecture

Conjecture (Seymour-Schrijver, 91)

For any Abelian-group weighted matroidw : M — G,

wW(B(M))| > H <1rk(M)+ > rk(wl(Q)>)

QeG/H
True for:
@ Rank 2 matroids ( )
@ Uniform matroids ( )
@ Uniform + parallel matroids ( )
@ |G| = prime ( )
@ |G| = prime power ( )
@ |G| = product of two primes ( ) Any two nontrivial

subgroups span G



Matroids

Group-weighted matroid conjecture

Conjecture (Seymour-Schrijver, 91)

For any Abelian-group weighted matroidw : M — G,

W (B(M))| > [H| (1 —rk(M) + Z rk (Wl(Q)))

QeG/H

Unknown:
e K, : Column vectors:

=

0
1
0

o
oo
B e
=)

o
=
o
=




Group-weighted matroid conjecture

Conjecture (Seymour-Schrijver, 91)

For any Abelian-group weighted matroidw : M — G,

lw(B(M))| > [H| <1rk(M)+ Z rk (Wl(Q)>)

QeG/H

Unknown:
° K4_

e If |G| = product of three primes



EGZ for Group-weighted matroids

Vanishing Basis Question:

G| = rk(M)

2?7?77
w:M-—G } = 0cw(B(M)) 7777

Yes for:
@ Uniform matroids of size > 2|G| — 1 ( )



EGZ for Group-weighted matroids

Vanishing Basis Question:

Sl 27777
w:M-—G = 0cw(B(M)) 7777
Yes for:
@ Uniform matroids of size > 2|G| — 1 ( )

@ |G| =p* or pg and M(Kp1) ( )



EGZ for Group-weighted matroids

Vanishing Basis Question:

G| = rk(M)

2?7?77
w:M-—G } = 0cw(B(M)) 7777

eg. Spanning trees of Kg

3

03

1




EGZ for Group-weighted matroids

Vanishing Basis Question:

G| = k(M)

27777
WM — G } = 0 ew(B(M)) 7777

eg. Spanning trees of Kg

3

o3

T Spanning tree of weight O
mod 4




EGZ for Group-weighted matroids

Vanishing Basis Question:

|G| = rk(M) 22777
WM — G = 0 e w(B(M)) 7777
Yes for:
@ Uniform matroids of size > 2|G| — 1 ( )

@ |G| = p* or pg and M(Kp1) ( )



EGZ for Group-weighted matroids

Vanishing Basis Question:

|G| = rk(M) 22777
WM — G = 0 e w(B(M)) 7777
Yes for:
@ Uniform matroids of size > 2|G| — 1 ( )
@ |G| = p* or pg and M(Kp1) ( )

@ Certain dual paving matroids, where G is cyclic ( )



EGZ for Group-weighted matroids

Vanishing Basis Question:

G| = rk(M)

27777
WM o G } = 0 e w(B(M)) 7777

Yes for:
@ Uniform matroids of size > 2|G| — 1 ( )
@ |G| = p* or pg and M(Kp1) ( )
@ Certain dual paving matroids, where G is cyclic ( )
@ If any two cocircuits of M meet, and SS holds for (M*, G)

( )



EGZ for Group-weighted matroids

Vanishing Basis Question:

6] = k(M) 27772
w:M-—G = 0cw(B(M)) 7777
eg. Projective Geometries

2




EGZ for Group-weighted matroids

Vanishing Basis Question:

G| = rk(M) 27777
WM o G = 0 e w(B(M)) 7777
eg. Projective Geometries

2

Noncollinear triple of weight O
mod 3

@



Happy Birthday!!!
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