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1 Whatis an angle in higher dimensions?

2. Can we use higher dimensional angles to
help us compu e/approximate volumes of
rat ional p olyt opes?

3. What a bout the v olumes of arbitr ary
real polytopes?
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An angle can be tho ught of
intuitively as the in tersection of
a cone with a sphe re centered
at the v ertex of the ¢ one.
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Ver tex



A (polyhedral) cone ISthe n on-
negative real span of a Pn ite number
of vectors in Euclidean spece.

That i1s, a cone Is debPned by:

where we assume thatthe v ectors

are linearly independert In






How do we describe an angle
analyt ically in higher
dimensions?



A nice analytic description of an an gle
can be given by:

| = angle = B

The solid angle '
atthev ertex v. = 1 g(V) = e "=l dx
of a c one Kin



A sold angle in dimension d is equivalentl y:

1. The proportion of a sphere, centered at the
vertex of a ¢ one, which intersects the ¢ one.

2. The probability tha t a r andomly chosen point in
Eudidean spece, chosen fr om a bxed sphere
centered at the v ertex of K, will | ie inside K.

3. Solidangle = € ' **¥Y)dxdy
K

4. The volume of a sphe rical p olyt ope.



Example: debning the sol id angle at a
vertex of a 3- dimensional c one.
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Cone K,



Example: dePning the sol id angle at a
vertex of a 3- dimensional c one.

/ sphere centered at v ertex v




Example: debning the sol id angle at a
vertex of a 3- dimensional c one.

/ sphere centered at v ertex v

A

this is a g eodesic
tr iangle on the
sphere,
represerting the
solid angle at

vertex v.
Cone K,



. asolid angle In
higher dimensians Is really
the volume of a sphe rical

polyt ope.



We need to ext end the n otion of a sol id
angle atav ertex of c one to a more
general notion of a sol id angle. N amely,
given any point x | RY%e debn e the
solid angle at X relativeto Pa s



We need to extend the n otion of a sol id
angle at a v ertex of c one to a more
general notion of a solid angle. N amely,
given any point X ! Rie debn e the
solid angle at X relativeto Fa s

VoI(S (X)) N P)
P Vel

the proportion of a small sphere which lies
inside F.



Example. Pis atr iangle.

when X ! E anedgeofa
triangle, we get ! p(x) = .5

whenX ! [= the vertex of
atr iangle, we get ! p(x) ="



Example. F or a 3-simpl ex P, we have the
following picture for the sol id angle of the p oint
which is the c enter of the f ollowing sphere:




Now we proceed to sum the sold angles AT
ALL integer points inside an object, thereby
getting an approximaion to the volume
that we c all THE DISC(RETEVOLUME of P.

Debnition. We debne
Ap (t) ¥ I p(m),

m! zd

a discrete volume measure for P.



Example. For the s tar-tr ek f ans
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In this case, the DISCRETE VOLUM E happensto equal the usual
notion of volume. In generaldimension this becmmesfalse,
however, as was already shown by I.G. Macdonald.in the 1960Qs

In generaldimensiond, the setup IS now similar.
Given any real polytope P,

1. Compute the solid angle! p (m) at ead1 Integer
point m.
2. Dilat e the object P by a dllatlon parameter t.

3. Compute the SUREE = ==l e (el = Ap (1).









If the dimension d Is even.




We extend thesereaults to include:
1. All pogtive real dilation parameaerst! R.g.
2. All real polytop es, with arbitr ary real coordinates.

3. A Fourier seriesassciated to the solid angle
polynomial of Macdonald. |

4. All L,-norm solid angles.






Theorem. (DeSario and Robing 2007)

Let P be a simple d-dimensional polytope, and Px any
dilation parameter t ! R and any complex s! C.

Then the continuation of Ap (t, S) to a real analytic
function of t is given by:

Ap(t, S) —

! it P n2
- Jim St det(K ) exp2! Lt!lv,m+si# ' Im 4+ s,m +'s ),

(¢ 2y jdzlle (v), m +s"

v a vertex of P

m eZd












Example: Ifthe f ace Fis avertex, what do e
the t angent c one at the v ertex | ook like?

Face = v, a vertex



fthe f ace Fisavertex, whatdoesthe
tangent c one at the v ertex | ook like?

Face = v, a vertex



vertex
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Face = v, a vertex



\4s!

Face = v, a vertex

The tangent c one KFfisthe u nion
of all of the se rays fr om the f ace
F =vertex v



F ace

The tangent c one KFis the u nion
of all of the se rays fr om the f ace
F =vertex v

# a-;- :".':'.'
ol

M

= U, a vertex



DePnition. The tangent c one
of af ace Is dePned by

Intuitively, the t angent c one of F Is the u nion of
all rays that ha ve a base point in F an d point
Oowards PO.

We note that the t angent c one of F c ontains the
afbne span of F.



an edge

Example. w hen the f ace Fis a 1- dimensional e dge
of a p olygon, the t angent c one of Fis a ha If-
plane.



an edge

\
\

Example. w hen the f ace Fis a 1- dimensional e dge
of a p olygon, the t angent c one of Fis a ha If-
plane.



Example. In the pl ane, we have:

The fundamental domain of a
tw o- dimensional c one.

det(K) =the area of th Is
fundamental domain.



Debnition. The Fundamental Domain
of a c one K is dePned by the

parallelepiped

where the c one is dePned by

and the v ectors wq,...,1@3 re the e dges of the
cone K .



The deter minant of the ¢ one is debned to be
the v olume of the fu ndamental domain, which
IS given by a determinant den oted by det (K).



What Is a simpl e polyt ope?

Debnition: A d- dimensional p olyt ope
enjoying the p roperty tha teach of i ts
vertices shares an edge with e xactly d
other vertices is called a



Example of a polyt ope:
The dodecahedron




The tr uncated | cosahedron:
a popular sport, and anothe r e xample of

a simple polyt ope.







We recall again the dePnition:

Debnit ion.

AP (t, S) e | o eZ! 1"m,s #.

m! Zd

We recall again the main r esult, as follows.



Theorem. (DeSario and Robing 2007)

Let P be a simple d-dimensional polytope, and Px any
dilation parameter t ! R and any complex s! C.

Then the continuation of Ap (t, S) to a real analytic
function of t is given by:

Ap(t, S) —

! it P n2
- Jim St det(K ) exp2! Lt!lv,m+si# ' Im 4+ s,m +'s ),

(¢ 2y jdzlle (v), m +s"

v a vertex of P

m eZd






Note. This is a generalzed M édona'i
involving the angle transform of P.
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