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1.  What is an angle in h igher dimensions?

2.  Can we u se higher dimensional angles t o  
help us compute/approximate volumes of 
rat ional p olyt opes?   

3.  What a bout the v olumes of a rbitr ar y 
real polyt opes?
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An angle can be tho ught of 
intui t ively as the in tersect ion of 
a cone with a sphe re centered 

at the v er t ex of the c one. 



That is , a cone is deÞned by: 

A (polyhedral) cone          is the n on-
negat ive r eal span of a Þn it e number 

of v ect ors in Euclidean space.

K = { λ1W1 + . . . + λdWd | all λj ! 0}

where we assume tha t the v ect ors  

W1, . . . , Wd are l inear ly in dependent in     .Rd

K ! Rd



Example:  a 3- dimensional c one.
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How do we descr ibe an angle 
analyt ically in h igher 

dimensions?



A nice analyt ic descr ipt ion of an an gle 
can be g iven by:

angle =
!

K
e! ! (x 2 + y2 )dxdy

= ! K(v) =
!

K
e! π||x||2

dx
The solid angle 
at the v er t ex   
of a c one    in Rd

v

K

=!



A solid angle in dimension d is equivalentl y:

   The proport ion of a sphe re, centered at the 
ver t ex of a c one, which intersects the c one.

      The probability tha t a r andomly chosen point in  
Euclidean space, chosen fr om a Þxed sphere 
centered at the v er t ex of K , w il l l ie inside K.

  

1.

2.

3.

4. The volume of a sphe r ical p olyt ope.

Solid angle =
!

K
e! ! (x 2 + y2 ) dxdy



Example:  deÞning the sol id angle at a  
ver t ex of a 3- dimensional c one.
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Example:  deÞning the sol id angle at a  
ver t ex of a 3- dimensional c one.

sphere centered at v er t ex v
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Example:  deÞning the sol id angle at a  
ver t ex of a 3- dimensional c one.

   

th is is a g eodesic 
tr iangle on the 

sphere, 
represent ing the 

solid angle at 

ver t ex v.      

sphere centered at v er t ex v

v

Cone K v



The moral:  a sol id angle in 
higher dimensions is r eally 
the volume of a sphe r ical 

polyt ope.



We need t o ext end the n ot ion of a sol id 
angle at a v er t ex of c one t o a more 
general n ot ion of a sol id angle.   N amely, 
given any point             we deÞn e the 
solid angle at     relat ive t o     a s:

 

x ! Rd,
x P



We need t o ext end the n ot ion of a sol id 
angle at a v er t ex of c one t o a more 
general n ot ion of a sol id angle.   N amely, 
given any point             we deÞn e the 
solid angle at     relat ive t o     a s:

 

x ! Rd,
x P

! P (x) =

the p roport ion of a sma ll sphere which l ies 
inside P.

lim
! ! 0

Vol (S! (x) ∩ P)
Vol (S! )

,
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Example.     is a tr iangle.

when        = the v er t ex of 
a tr iangle, we get

P

x

x

x ! F

when          = an edge of a 
tr iangle, we get           
x ! F

! P (x) = .5

! P (x) = "

x
! P (x) = 0



Example.    F or a 3-simpl ex P, we have the 
following pictu re f or the sol id angle of the p oint
which is the c enter of the f ollowing sphere:

x



Now we proceed t o sum the  solid angles AT 
ALL integer points  inside an object, the reby 
get t ing an approximat ion t o the  volume 
that we c all THE DISCRETE VOLUME of P.

AP (t) :=
!

m ! Zd

! P (m),

DeÞnit ion. We deÞne

a discrete volume measure f or P.



Example.  For the s tar -tr ek f ans:







In words, we center a sphere at each integer point in the plane,
compute the proportion of the sphere that intersects the polygon,
and then sum all of these contributions.

Conclusion: the sum of the green areas, normalized by
dividing by 2! , equals the AREA of the polygon P
on the nose!



!

m∈Z2∩P

ωP (m) = area(P).

That is,

Question: doesth is extend to higher dimensions?
Answer: yesand no.



In th is case, the DISCRETE VOLUM E happensto equal the usual
notion of volume. In generaldimension, this becomesfalse,
however, as was already shown by I.G. Macdonald in the 1960Õs.

In generaldimensiond, the setup is now similar.
Given any real polyt ope P ,

1. Compute the solid angle ! P (m) at each integer
point m.
2. Dilat e the object P by a dilation parameter t.
3. Compute the sum

∑
m ! Zd " P ! t P (m) := AP (t).



We call AP (t) the SOLID ANGLE POLYNOMIAL when P is a
polytope whose vertices are all integer points; such a P is
called a lattice polytope.
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called a lattice polytope.

Theorem (I.G . Macdonald). For a lattice polytope P, the discrete volume
AP (t) is indeeda polynomial in the dilation parameter t ! Z>0.



We call AP (t) the SOLID ANGLE POLYNOMIAL when P is a
polytope whose vertices are all integer points; such a P is
called a lattice polytope.

Theorem (I.G . Macdonald). For a lattice polytope P, the discrete volume
AP (t) is indeeda polynomial in the dilation parameter t ! Z>0.

In fact, Macdonald gave a structure theorem for th is discrete
volume measure, namely that:

AP (t) = V ol(P)td + cd! 2td! 2 + · · · + c1t

if the dimension d is odd, and

AP (t) = V ol(P)td + cd! 2td! 2 + · · · + c2t2

if the dimension d is even.



We extend theseresults to include:

1. All posit ive real dilation parameters t ! R>0.

2. All real polytop es, with arbitr ary real coordinates.

3. A Fourier seriesassociated to the solid angle
polynomial of Macdonald.

4. All L p-norm solid angles.



DeÞnit ion.  The solid angle tr ansfor m of P 
is:

AP (t, s) =
!

m ! Zd

! tP e2! i "m,s #.

Notice that AP (t) = AP (t, 0).



Let P be a simple d-dimensional polyt ope, and Þx any
dilation parameter t ! R and any complex s ! C.

Theorem.  (DeSar io and Robins, 2007)

Then the continuation of AP (t, s) to a real analytic
function of t is given by:

AP (t, s) =

= lim
! ! 0

∑

v a vert ex of P

det(K v )
(! 2! i )d

t!

m∈Zd

exp(2! i !v, m + s" # ! "!m + s,m + s"2)
" d

j =1!wj (v), m + s"
,



where K v is the TANGENT CONE of the vertex v relative to
the real polytope P, and where wj (v) is the j Õthedge of the
tangent coneK v .

Note that this expression for AP (t, s) looks like
a weighted sum of theta functions, except with the new
twist of having some linear forms in the denominators.



where K v is the TANGENT CONE of the vertex v relative to
the real polytope P, and where wj (v) is the j Õthedge of the
tangent coneK v .

Note that this expression for AP (t, s) looks like
a weighted sum of theta functions, except with the new
twist of having some linear forms in the denominators.

What is a tangent cone, you ask?



Yeah, so what a re t angent 
cones?



Face = v, a vertex

Example:  If the f ace F is a v er t ex, what do es 
the t angent c one at the v er t ex l ook l ike?



Face = v, a vertex

y1

If the f ace F is a v er t ex, what do es the 
tangent c one at the v er t ex l ook l ike?



Face = v, a vertex

y1
y2



Face = v, a vertex

y1
y2

y5



KF

Face = v, a vertex

y3

y1
y2

y4

y5

KFThe t angent c one       is the u nion 
of a ll of the se rays fr om the f ace 

F = ver t ex v
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Face = v, a vertex

KFThe t angent c one       is the u nion 
of a ll of the se rays fr om the f ace 

F = ver t ex v



DeÞnit ion.  The t angent c one
of a f ace  

K F

F ⊂ P

KF = { x + λ(y ! x) | x " F, y " P, and λ # 0} .

Intui t ively, the t angent c one of F is the u nion of 
all r ays tha t ha ve a b ase point in F an d point 
Ôtowards PÕ.  

We note tha t the t angent c one of F c ontains the 
afÞne span of F.   

is deÞned by



KF

Example.   w hen the f ace    is a 1- dimensional e dge 
of a p olygon, the t angent c one of    is a ha lf-
plane.

F
F

F = an edge



KF

Example.   w hen the f ace    is a 1- dimensional e dge 
of a p olygon, the t angent c one of    is a ha lf-
plane.

F
F

F = an edge



Example. In the pl ane, we have:
The fundamental domain of a 

tw o- dimensional c one.

w1

w2

det(K) = the a rea of th is
fundamental domain.



DeÞnit ion.  The Fundamental Domain 
of a c one K is deÞned by the 

parallelepiped 

! := {λ1w1 + . . . + λdwd| all 0 ! λj < 1}

K := { ! 1w1 + . . . + ! dwd| all 0 ! ! j }

where the c one is deÞned by

and the v ect ors                a re the e dges of the w1, . . . , wd

K .cone



The deter minant of the c one is deÞned t o be 
the v olume of the fu ndamental domain, which 
is given by a deter minant den oted by det (K ).



DeÞnit ion:    A d- dimensional p olyt ope 
enjoying the p roperty tha t ea ch of i ts 
ver t ices shares an edge with e xactl y d 
othe r v er t ices is called a simple 
polyt ope.

What is a simpl e polyt ope?



Example of a simple polyt ope:  
The dodecahedron



The tr uncated I cosahedron: 
a popular sport, and anothe r e xample of 

a simple polyt ope. 



DeÞnit ion.  The solid angle tr ansfor m of P 
is:

AP (t, s) =
!

m ! Zd

! tP e2! i "m,s #.

Notice that AP (t) = AP (t, 0).

We r ecall a gain the deÞn it ion:



DeÞnit ion.  The solid angle tr ansfor m of P 
is:

AP (t, s) =
!

m ! Zd

! tP e2! i "m,s #.

Notice that AP (t) = AP (t, 0).

We r ecall a gain the deÞn it ion:

We r ecall a gain the main r esult, as f ollows.



Let P be a simple d-dimensional polyt ope, and Þx any
dilation parameter t ! R and any complex s ! C.

Theorem.  (DeSar io and Robins, 2007)

Then the continuation of AP (t, s) to a real analytic
function of t is given by:

AP (t, s) =

= lim
! ! 0

∑

v a vert ex of P

det(K v )
(! 2! i )d

t!

m∈Zd

exp(2! i !v, m + s" # ! "!m + s,m + s"2)
" d

j =1!wj (v), m + s"
,



where K v is the TANGENT CONE of the vertex v relative to
the real polytope P, and where wj (v) is the j Õthedge of the
tangent coneK v .

Note that this expression for AP (t, s) looks like
a weighted sum of theta functions, except with the new
twist of having some linear forms in the denominators.



Theorem.  (DeSar io and Robins, 2007)

AP (! t, s) = (! 1)dAP (t, ! s).

For all t ! R and all s ! Cd, we have:

Let P be any d-dimensional (not necessarily convex)
real polytope in Rd.

Note. This is a generalized Macdonald reciprocity law,
involving the angle tr ansform of P .



Peter mot ivated me by t elling me - o n one 
of my visits he re - a bout Lit tl ewood:

ÒRegarding the  lat t ice points  in a real 
tr iangle, the  lit eratu re is vast  and not 
recommended.Ó  

- Lit tl ewood



Now a shameless plug f or my book:   b ut 
donÕt b uy it, ju st g et i t fr om your l ibrar y.  

 : )
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COM
PUTING THE CONTINUOUS DISCRETEL

Y

UNDERGRADUATE TEXTS IN MATHEMATICS

springer online.com

This much-anticipated textbook illuminates the field of discrete math-
ematics with examples, theory, and applications of the discrete vol-
ume of a polytope. The authors have weaved a unifying thread
through basic yet deep ideas in discrete geometry, combinatorics,
and number theory. Because there is no other book that puts together
all of these ideas in one place, this text is truly a service to the math-
ematical community. 

We encounter here a friendly invitation to the field of Òcounting inte-
ger points in polytopes,Ó also known as Ehrhart theory, and its var-
ious connections to elementary finite Fourier analysis, generating
functions, the Frobenius coin-exchange problem, solid angles, magic
squares, Dedekind sums, computational geometry, and more. With
250 exercises and open problems, the reader feels like an active
participant, and the authors' engaging style encourages such par-
ticipation. The many compelling pictures that accompany the proofs
and examples add to the inviting style. 

For teachers, this text is ideally suited as a capstone course for undergraduate students or as
a compelling text in discrete mathematical topics for beginning graduate students. For scien-
tists, this text can be utilized as a quick tooling device, especially for those who want a self-
contained, easy-to-read introduction to these topics.

COMPUTING THE
CONTINUOUS
DISCRETELY
Integer-Point Enumeration in Polyhedra



Just f or fu n:   in t erest ing graphics....   With the ai d of 
computer g raphics, we can visualize 4- dimensional 
polyt opes using their 3- dimensional cr oss sect ions:






