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On the fear of mathematics

* Interdisciplinary mathematics?

» “Quapropter bono christiano, sive mathematici,
sive quilibet impie divinantium, maxime dicentes
vera, cavendi sunt, ne consortio daseamoniorum

Irretiant.”
S. Aurelii Augustini (354-430 A.D.), De Genesi ad Litteram Il, 17./37.
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On the fear of mathematics

Interdisciplinary mathematics?

“Quapropter bono christiano, sive mathematici,
sive quilibet impie divinantium, maxime dicentes
vera, cavendi sunt, ne consortio daseamoniorum

Irretiant.”
S. Aurelii Augustini (354-430 A.D.), De Genesi ad Litteram Il, 17./37.

“[...] For which reason, a good Christian should
beware of mathematicians and any impious
diviners, so as not to become entangled in a

fellowship of demons.”
St. Augustine (354-430 A.D.), Literal Commentary on Genesis I, 17./37.

Crossing number of graphs — p. 2/25



On the fear of mathematics

Interdisciplinary mathematics?

“*Quapropter bono christiano, sive mathematici,
sive quilibet impie divinantium, maxime dicentes
vera, cavendi sunt, ne consortio daeemoniorum
Irretiant.”

S. Aurelii Augustini (354-430 A.D.), De Genesi ad Litteram Il, 17./37.

“[...] For which reason, a good Christian should
beware of mathematicians and any impious
diviners, so as not to become entangled in a
fellowship of demons.”

St. Augustine (354-430 A.D.), Literal Commentary on Genesis Il, 17./37.

Mathematicians or astrologists?
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On the fear of mathematics

* “Artem geometriee discere atque exerceri publice
Intersit. Ars autem mathematica damnabillis
Interdicta est.”

Codex lustinani, 9.18.2 (529 A.D.)

. Crossing number of graphs — p. 3/25



On the fear of mathematics

“Artem geometriae discere atque exerceri publice
Intersit. Ars autem mathematica damnabilis
Interdicta est.”

Codex lustinani, 9.18.2 (529 A.D.)

“To learn and practice the art of geometry is a

mater of public interest. The art of mathematics,

however, Is prohibited as worthy of damnation.”
Justinian Codex, 9.18.2 (529 A.D.)
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On the fear of mathematics

“Artem geometriae discere atque exerceri publice
Intersit. Ars autem mathematica damnabilis
Interdicta est.”

Codex lustinani, 9.18.2 (529 A.D.)

“To learn and practice the art of geometry is a

mater of public interest. The art of mathematics,

however, Is prohibited as worthy of damnation.”
Justinian Codex, 9.18.2 (529 A.D.)
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On the fear of mathematics

“Artem geometriae discere atque exerceri publice

Intersit. Ars autem mathematica damnabilis
Interdicta est.”

Codex lustinani, 9.18.2 (529 A.D.)

“To learn and practice the art of geometry is a

mater of public interest. The art of mathematics,

however, Is prohibited as worthy of damnation.”
Justinian Codex, 9.18.2 (529 A.D.)

Run away or ...
volunteer.
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The Utilities Puzzle

* Glven a piece of land, locate
* three houses,

* three utility sources (water, gas, electricity),

* aline (pipe, wire) from each utility to each
house,

* so that no two lines cross.
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The Utilities Puzzle

* Glven a piece of land, locate
* three houses,

* three utility sources (water, gas, electricity),

* aline (pipe, wire) from each utility to each
house,

* so that no two lines cross.

 First published by H. E. Dudeney In
“The Canterbury Puzzles”, 1907.

. Crossing number of graphs — p. 4/25



The Utilities Puzzle

* Glven a piece of land, locate
* three houses,

* three utility sources (water, gas, electricity),

* aline (pipe, wire) from each utility to each
house,

* so that no two lines cross.

 First published by H. E. Dudeney In
“The Canterbury Puzzles”, 1907.

* Anonymous:
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The Utilities Puzzle

Given a piece of land, locate
three houses,

three utility sources (water, gas, electricity),

a line (pipe, wire) from each utility to each
house,

so that no two lines cross.

First published by H. E. Dudeney In
“The Canterbury Puzzles”, 1907.

ANnonymous:

“I remember | succeeded a couple of years ago,
| jJust can’t remember how | did it!”

Crossing number of graphs — p. 4/25



Model of the problem: a graph K3 .

* Houses, utilities: 6 vertices .
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Model of the problem: a graph K3 3.

* Houses, utilities: 6 vertices .
* Lines: 9 edges.
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Model of the problem: a graph K3 3.

* Houses, utilities: ¢ vertices .
* Lines: 9 edges.
 Altogether: a complete bipartite graph K3 3.

. Crossing number of graphs — p. 5/25



Model of the problem: a graph K3 3.

* Houses, utilities: ¢ vertices .
* Lines: 9 edges.
 Altogether: a complete bipartite graph K3 3.

» Shortest roundtrip: shortest cycle of length 4.
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Model of a solution: an embedding.

* Nonintersecting points and curves In the plane.
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Model of a solution: an embedding.

* Nonintersecting points and curves In the plane.

* Roundtrips with nothing in the interior:
faces of the embedding.
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The problem has no solution

* Suppose we have a solution with 6 vertices, 9
edges and f faces.
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* Suppose we have a solution with 6 vertices, 9
edges and f faces.

* Euler formula for graphs in the plane (~1750):
cv—e+ f=2, f=5.
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The problem has no solution

* Suppose we have a solution with 6 vertices, 9
edges and f faces.

* Euler formula for graphs in the plane (~1750):
cv—e+ f=2, f=5.
* Each face has length at least 4.
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The problem has no solution

* Suppose we have a solution with 6 vertices, 9
edges and f faces.

* Euler formula for graphs in the plane (~1750):
cv—e+ f=2,f=05.

* Each face has length at least 4.

* Each edge is incident with two faces: 2¢ > 4f.
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The problem has no solution

* Suppose we have a solution with 6 vertices, 9
edges and f faces.

* Euler formula for graphs in the plane (~1750):
cv—e+ f=2, f=5.

* Each face has length at least 4.

* Each edge is incident with two faces: 2¢ > 4f.

* 18 > 20.
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The problem has no solution

* Suppose we have a solution with 6 vertices, 9
edges and f faces.

* Euler formula for graphs in the plane (~1750):
cv—e+ f=2, f=5.

* Each face has length at least 4.

* Each edge is incident with two faces: 2¢ > 4f.

* 18 > 20.

» Contradiction:
an embedding of K33 does not exist.
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Examples of graphs

 Path P, on n + 1 vertices.

P Py Ps
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 Path P, on n + 1 vertices.
e Star S,, on m + 1 vertices.

Sy Ss S6
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Examples of graphs

* Path P, on n + 1 vertices.
» Star S, on m + 1 vertices.
 Complete graph K, on n vertices.

X5

K4 K5 K6
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Drawings of graphs

* Agraph G(V, E):
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Drawings of graphs

* Agraph G(V, E):
* V —the set of vertices ,
* F —the set of edges.

» Adrawing D of G(V, E) in the plane R?:
* vertices v € V' as distinct points ,
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Drawings of graphs

- Agraph G(V,E):
* V —the set of vertices ,
* F —the set of edges.

» Adrawing D of G(V, E) in the plane R?:
* vertices v € V' as distinct points ,

* edges e € £ as simple curves between points,
avoiding images of vertices,
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Drawings of graphs

- Agraph G(V,E):
* V —the set of vertices ,
* F —the set of edges.

» Adrawing D of G(V, E) in the plane R?:
* vertices v € V' as distinct points ,

* edges e € £ as simple curves between points,
avoiding images of vertices,

* no three edges cross at the same point.
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Crossing number of graphs

* Crossing number of a drawing cr(D):
number of crossings between edges in D.
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Crossing number of graphs

* Crossing number of a drawing cr(D):
number of crossings between edges in D.

* Crossing number of a graph cr(G):
smallest crossing number of
some drawing of G.
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Crossing number of graphs

* Crossing number of a drawing cr(D):
number of crossings between edges in D.

* Crossing number of a graph cr(G):
smallest crossing number of
some drawing of G.

* Example: cr(K33) = 1.
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Crossing number of graphs

* Problem :
Estimate the crossing number of a given graph.
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* Applications
* VLSI design,
° geometry,
* additive number theory,
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Crossing number of graphs

* Problem :
Estimate the crossing number of a given graph.
* Applications
* VLSI design,
° geometry,
* additive number theory,
* measure theory.
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* Leighton (1983):

Applications in VLSI design
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Applications in VLSI design

* Leighton (1983):
* Fewer crossings in the layout of the circuit:
smaller area of the chip.
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Applications in VLSI design

* Leighton (1983):
* Fewer crossings in the layout of the circuit:
smaller area of the chip.

* Quickly computing n-variable transitive function:
many crossings in the chip.
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Applications In geometry

» Szemeredi, Trotter (1983):

* n points and [ lines in the Euclidean plane can
have at most ¢ - (nl)?/? point-line incidences.
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Applications In geometry

» Szemeredi, Trotter (1983):

* n points and [ lines in the Euclidean plane can
have at most ¢ - (nl)?/? point-line incidences.

» Szekely (1997):
* For any n points in the plane, there is one

among them with at least ¢ - n*/> distinct
distances to the other n — 1 points.
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Applications in
additive number theory

* Elekes:

* There exists a constant ¢ > 0, such that
max{|A + A|,|A- A|} > ¢-nP4.
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Applications in
additive number theory

* Elekes:
* There exists a constant ¢ > 0, such that
max{|A + A|,|A- A|} > ¢-n%".
* Elekes, Nathanson, Ruzsa:

* There exists a constant ¢ > 0, such that
A+ A7 > ¢ nb/4,
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Application in measure theory

* Sylvester (1865):
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Application in measure theory

» Sylvester (1865).
* 1. probability density in the plane.
* p(u) = P(convex u-random 4-gon)
* Estimate smallest possible p(u) 1. €.
p* =inf, p(p).
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Application in measure theory

» Sylvester (1865).
* 1. probability density in the plane.
* p(u) = P(convex u-random 4-gon)
* Estimate smallest possible p(u) 1. €.
p* =inf, p(p).

o cf = llmn_>oo I‘CI‘(?f(n) .
(3)
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Application in measure theory

» Sylvester (1865).
* 1. probability density in the plane.
* p(u) = P(convex u-random 4-gon)
* Estimate smallest possible p(u) 1. €.
p* = inf, p(p).
rer(Kn)
(1)

* Theorem (Scheinerman, Wilf, 1994): p* = ¢*.

° ¢ =lim, no
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Application in measure theory

Sylvester (1865):
* 1. probability density in the plane.
* p(u) = P(convex u-random 4-gon)
* Estimate smallest possible p(u) 1. €.
p* = inf, p(p).
rer(Kn)
(1)
Theorem (Scheinerman, Wilf, 1994): p* = ¢*.

Theorem (Brodsky, Durocher, Gethner, 2001):
c* < 0.3838.

¢ = lim,,_no
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Application in measure theory

» Sylvester (1865).

* 1. probability density in the plane.

* p(u) = P(convex u-random 4-gon)

* Estimate smallest possible p(u) 1. €.

p* = inf, p(p).
rer(Kn)
(1)

* Theorem (Scheinerman, Wilf, 1994): p* = ¢*.

* Theorem (Brodsky, Durocher, Gethner, 2001):
c* < 0.3838.

* Theorem (Balogh, Salazar, 2004): ¢* > 0.37553.

° ¢ =lim, no
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Crossing number of graphs

* Problem:
Estimate the crossing number of a given graph.
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Crossing number of graphs

* Problem:
Estimate the crossing number of a given graph.

* Solutions:
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Crossing number of graphs

* Problem:
Estimate the crossing number of a given graph.

* Solutions:
* Upper bounds: present a decent drawing.
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Crossing number of graphs

* Problem:
Estimate the crossing number of a given graph.

» Solutions:
* Upper bounds: present a decent drawing.

* Lower bounds: various specific approaches.
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A general lower bound

* Theorem (Ajtai et al. 1982, Leighton, 1983):
n number of vertices, m number of edges in G,

m > 4n. Then cr(G) > 6%172’—23.
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A general lower bound

* Theorem (Ajtai et al. 1982, Leighton, 1983):
n number of vertices, m number of edges in G,

m > 4n. Then cr(G) > 6%172—23.

* Proof:
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A general lower bound

* Theorem (Ajtai et al. 1982, Leighton, 1983):
n number of vertices, m number of edges in G,

m > 4n. Then cr(G) > 6%7:—3.

* Proof:
* By Euler formula: cr(G) > m — 3n.
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A general lower bound

* Theorem (Ajtai et al. 1982, Leighton, 1983):
n number of vertices, m number of edges in G,

m > 4n. Then cr(G) > 6%21—;.

* Proof:
* By Euler formula: cr(G) > m — 3n.
* D an optimal drawing of G.

. Crossing number of graphs — p. 17/25



A general lower bound

* Theorem (Ajtai et al. 1982, Leighton, 1983):
n number of vertices, m number of edges in G,

m > 4n. Then cr(G) > & ";Zg .

* Proof:
* By Euler formula: cr(G) > m — 3n.

* D an optimal drawing of G.

.p_4_n
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A general lower bound

* Theorem (Ajtai et al. 1982, Leighton, 1983):
n number of vertices, m number of edges in G,

m > 4n. Then cr(G) > & ";Zg .

* Proof:
* By Euler formula: cr(G) > m — 3n.

* D an optimal drawing of G.

Qp_4_n

* D: p-random subdrawing of D.
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A general lower bound

* Theorem (Ajtai et al. 1982, Leighton, 1983):
n number of vertices, m number of edges in G,

m > 4n. Then cr(G) > & ";Zg .

* Proof:
* By Euler formula: cr(G) > m — 3n.

* D an optimal drawing of G.

Qp_4_n

* D: p-random subdrawing of D.
* cr(D) > m — 3n.
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A general lower bound

* Theorem (Ajtai et al. 1982, Leighton, 1983):
n number of vertices, m number of edges in G,

m > 4n. Then cr(G) > & ";Zg .

* Proof:
* By Euler formula: cr(G) > m — 3n.

* D an optimal drawing of G.

Op_4_n

* D: p-random subdrawing of D.
* cr(D) > m — 3n.
* E(cr(D)) > E(m) — 3E(n).
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A general lower bound

* Theorem (Ajtai et al. 1982, Leighton, 1983):
n number of vertices, m number of edges in G,

m > 4n. Then cr(G) > A2

64 n2 -

* Proof:

By Euler formula: cr(G) > m — 3n.
D an optimal drawing of G.

4n

p__

D: p-random subdrawing of D.

cr(D) > m — 3n.

E(cr(D)) > E(m) — 3E(7).

p

4

cr(G) > p*m — 3pn.

Crossing number of graphs

—p. 17/25
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Zip product

* (G1, Go graphs, v; € V(G;) of degree d fori =1, 2,
* 0: Nqg, (v1) — Ng,(v2) @ bijection.

* G1 ®y G2 the graph, obtained from
the disjoint union of G; — v; by adding
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Zip product

G1, Go graphs, v; € V(G;) of degree d fori = 1,2,

o : Ng,(v1) — Ng,(v2) a bijection.

G1 ©g G2 the graph, obtained from
the disjoint union of G; — v; by adding

the edges vo(v) for v € Ng, (v1).
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The key Lemma of the Zip product

* (71, G disjoint graphs, v; € V(G;), i = 1, 2,
degg, (v1) = degg, (v2) = d.
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The key Lemma of the Zip product

* (71, G disjoint graphs, v; € V(G;), i = 1, 2,
degg, (v1) = degg, (v2) = d.
* Ng,(v;) 2-star connected In G; —
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The key Lemma of the Zip product

* (71, Go disjoint graphs, v; € V(G;), i = 1, 2,
degg, (v1) = degg, (v2) = d.
* Ng,(v;) 2-star connected In G; — v;.

* Then cr(Gy ®y Go) > cr(Gy) + cr(Go) for any o.
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Cartesian product of graphs

* (1, Gy two graphs. G = G10G5 Is a graph with
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Cartesian product of graphs

* (1, Gy two graphs. G = G10G5 Is a graph with
* vertices V(G) = {(vi,v2) |v; € V(Gy),i = 1,2}

o ® ®
o ® ®
o o o
® o o
or——0

. Crossing number of graphs — p. 20/25



Cartesian product of graphs

* (1, Go two graphs. G = G10G, Is a graph with
* vertices V(G) = {(v1,v9) |v; € V(G;),1=1,2}
* (v1,v2)(v],v5) IS an edge of G,
If v10] Or vyvs, IS an edge.

® or—o—0
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Crossing number of S,,L1P,

» Jendrol’, S€erbova, 1983:
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» Jendrol’, SEerbova, 1983:
* Theorem: cr(S30P,) = (n — 1).
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Crossing number of S,,L1P,

- Jendrol’, S¢erbova, 1983:
* Theorem: cr(Ss30JFP,) = (n —1).
» Theorem: cr(S,,0P,) < (n—1) | 2] |22,
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Crossing number of S,,L1P,

* Proof of the conjecture for general m:
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* Proof of the conjecture for general m:

* Kleitman (1971): cr(Ks ) = | 2] |22 ].
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Crossing number of S,,L1P,

* Proof of the conjecture for general m:

* Kleitman (1971): cr(Ks ) = | 2] |22 ].

* A Zip product of n — 1 graphs with a K3,
subgraph,
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Crossing number of §,,L1P,

* Proof of the conjecture for general m:

* Kleitman (1971): cr(Ks ) = | 2] |22 ].

* A Zip product of n — 1 graphs with a K3,
subgraph,
* after a subdivision of certain edges,

\
A\

Crossing number of graphs — p. 22/25




Crossing number of §,,L1P,

* Proof of the conjecture for general m:

* Kleitman (1971): cr(Ks ) = | 2] |22 ].

* A Zip product of n — 1 graphs with a K3,
subgraph,

* after a subdivision of certain edges,

* yields S,,0P,.

) ) )
N\
7




Crossing number of 5,

* Proof of the conjecture for general m:
» Kleitman (1971): cr(Ksm) = | 2] |22 ].
* A Zip product of n — 1 graphs with a K3,
subgraph,
* after a subdivision of certain edges,
* yields s,,0P,.
* By the lemma: cr(S,,0P,) > (n—1) | 2] | 2+

) ) )
N\
E=

|.
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An “spectacle graph” graph
G eI'(7,37,8,0,34,10,6)
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* There exists a convex continuous function
f:(3,6) - RT such that for r € (3,6) N Q
and k > f(r), there exists an infinite family
of 3-connected simple crossing critical graphs
with average degree r and crossing number k.
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There exists a convex continuous function
f:(3,6) - RT such that for r € (3,6) N Q

and k > f(r), there exists an infinite family

of 3-connected simple crossing critical graphs
with average degree r and crossing number k.

For any closed interval I = [ry,72] C (3,6)
set Ny = max f(r;).
[

Then for every r € INQ and every k£ > N;
there exists an infinite family as above.
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A constructive version

_ 512 224 25 40
flr) =240+ G=52 T 5= T -3z T 7-3

14000
12000
10000
8000
6000

.

4000
2000

|

3.5 4 45 5 5.5
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