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L ow-Density Parity-Check (LDPC) codeI

Parity-check matrix: H, r x n matrix

Low-density: H is sparse

Codes:

C= {cEIF |Hc! —OT}

Received: y € &

Problem: Find the "most likely” fransmitted word c .

Binary codes: Log-likelihood ratios \; = In Pr(ci=0y;)

Pr(cz—”yz)
A= (A0, 155 A—1)



Tanner/Factor Graph of an LDPC CodeI

LDPC codes in general:

Example: e AnLDPC code has a matrix
with very few ones.
1 1 1 0O , .
H = (O 0 ) e (j,k)-regular LDPC code:
o0 1 1 1 all bit nodes have degree
X, 7 and all check nodes have
degree k.
A2 Fxona e Each check defines a code
X, C; = {x € F& : hx! = 0}

_
X, Q\\
©>l from
X5 C=C;
()



The main algorithmic problem: Decodingl

The decoding problem is to find the codeword x that maximizes
log Pr(x|y)

—_ Prixly)y _ Pr(zi|y) __
argien%ax log(Pr(x|y)) = argg(qcax Iog(Pr(my)) = argmax log [, Pr(olyS =

xeC

aramax 1o (Pr(xilyi))xi:ar max C— TN\
gmax ;log (553" = argmax

ML Decoding problem:

minimize (\,x),x € C




The main algorithmic problem: Decodingl

Let a binary code C C {0, 1}" be given C H(C) denotes the convex
hull of C interpreted in R™.

Equivalent ML Decoding problem: minimize (\,x),x € CH(C)

The central problem in practice: Construct codes for which this
linear program (or approximations thereof) are solvablel!



A relaxation of the LP'

CH(C) is hard to describe (typically the number of constraints is
exponential in the code length).

all checks all checks

minimize (A, x)
subjectto xecP

CH(C;) has a small description = P [P(H)] has a small description. The key is to
choose the effective length of C; at most as log(N) in the overall length.
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We obtain automatically a decoding algorithm with polynomial com-
plexity....

- How to we really obtain “highly” efficient algorithms?
- How well is CH(C) approximated by P?

- What is a good polytope P and how do we construct it?



Describing CH(C;) I

For a parity check code C; of length (degree) three CH(C;) is
spanned by the corner points (0,0,0),(1,1,0),(1,0,1),(0,1,1):

. —w1 w2 w320
— Fwi —wp t+w3 >0
P P —|—w1—|—w2—w320
- U Fwi +wr +w3z <2

or, equivalently,

d MmaxXx {wl,wz,wg,} < %(wl + wo + w3)

O<w; <1 an
w1 +wo +w3z <2

similar for higher degree parity check codes.



For higher degree checks the set of wi,w»,...,ws is again given
as the convex combination of even weight words. The hyperplanes
describing this polytope are given as

1
0<w; <1, wigg(wl—l—wg—l—...—l—w(g)

and all hyperplanes obtained by replacing an even number of w; with

1 — wj.

In the degree three case wi + wy + w3 < 2 is e.g obtained from
w1 Sw2+w3zaswy < (1 —w2) + (1 —ws3)



A simple examp/el

T

|
O r
==
R = O

G C, Cs

C ={(0,0,0)}, dg = oo, ML decision is always (0,0, 0)
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Iq I I continued... Decision regions:

: (1,1,1)
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“Highly’ Efficient Message-Passing Decoding A/gorithmsl

or

miso(zi) =N+ > mgi(z;)
sel(i)\a

ma,—>n(x/ == min .. Z m3—>a($s)
—tsel(a)\n
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Interpreting a result of Yedidia et al. we see that belief propagation
obtains a zero gradient solution of the function

(A, x) + |x € P] 4+ T'(Bethe entropy approximation)

] O Aisftrue
[A] = { oo otherwise

As T approaches zero minimizing the Bethe free energy is the same
as solving the LP.
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Iq I I continued... Convergence speed:

Convergence speed

w
{

!

log, (number of iterations)

The convergence speed towards the plane predicted by P
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A regular (3,5)-LDPC code condstructed by Tanner et al.

Ppic L]

10

| = After max. 32 Steps
| <~ After max. 64 Steps
After max. 128 Steps

—%— After max. 256 Steps
After max. 512 Steps

...| —+ After max. 1024 Steps
‘| == FP Decoder

..........................................................
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A quick interim—summaryl

High performance coding schemes are driven by decoding algo-
rithms in contrast to code construction considerations

The main contributors to these codes are combinatorial and con-
vex optimization

The object at the center of virtually all high performance de-
coding algorithms is the polytope P(H) — a property of the
code representation via H rather than a property of the code
C.

The central charge is to understand P(H) and to make LP de-
coding as effcicient as message passing!
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Observations around the polytope PI

b 11010 w € Py,
- O 1 111 wEPh2
..11010..|wenR,
H={|( ... 01111 ... OJGPhQ
... 101 0 1 ... wEPh3, h3 = h1 + ho

If hq1 and hy coincide in at least two positions k3 is facet defining:

CH(hi)NCH(hs) D CH(ht) NCH(hy) N C(h3)
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Observations around the polytope PI

b 11010 w € Py,
- O1 111 wEPh2
.11010 .. |wePR,
H=\| ... 00111 ... wGth
... 11 1 0 1 ... wEPh3, hz = h1 + ho

If hq and hs coincide in at most one positions k3 is not facet defin-
Ing:

CH(hy)NCH(hy) = CH(hy)NCH(hy)NC(hy)

18



Observations around the polytope PI

If there are no four cycles in the graph we get all inequalities in-
volving the sum of tfwo rows for free.

Proposition Let H describe a graph with girth g. The polytope P
is not further restricted by linear combinations of rows of H if the
weight of the linear combination does not exceed %.
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Observations around the polytope PI

The metric polytope of a binary code (matroid) is defined as:

MET(CH 2 (O cH(D)

ceCt

Example: ith word ¢; in C+ equals (1,1,1,0,...,0)

CH(C;) = {w € R" ;

w1 < wp + w3
<
w2 S w3+ w1 ,0<w; <1}
w3 < wo + wi
w1 +woy +w3z <2

Wy
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MET(CY) £ cH(C)

Translating a theorem for binary matroids we gef:
Theorem[Seymor, 811 MET(C+) = CH(C) if and only if there
is ho way to shorten and puncture C' such that we get the codes
F;a M(K5)7 R].O
F7 . [7,3,4]

M(Ks) 1 [10,6, 3]

Rqp : [10,5, 4]
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....S0 far, so good...l

What about the interplay of P(H) and channels?
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The distance properties of P(H) I

P(H) is just a function of H, i.e. independent of the channel.

How can we assess if a parity check matrix is "good" for a given
channel?

Traditionally we would consider the minimum Hamming distance of a
code, reflecting the pairwise error probability.

For P(H) the pairwise error probability between the word 0 and
?
w € P(H) is determined by the condition (w,A) > 0

23



?
The effect of (w,\) > 0 in different channels

Erasure Channel: )\; € {0, o0}

Unless the component-wise product w o A = 0 holds
(w), A)>0 is satisfied

The minimal number of erasures r equals so that an error may occur
IS

r > supp(w) = d5FC(0,w) = supp(w)

(Stopping sets)
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Binary symmetric Channell

Vector inP(H): w = (w1,wo,...,wn),
Error vector: e = (e1,eo,...,en)
Log-likelihood ratios: \; € {+K,—K}

0/0/0/0/0/0/0l0|O
transmitted

+K

+K |-K

+K

+K

+K

+K

0.6

0.6/0.5

0.1

0.8

0.7

0.7

0.5

A

w

|w||l1=5.5

?
The condition (w,A\) > 0 may be satisfied with ¢ errors if there

exists aset J = {iq, 1o, ..

1eJ

iZJ

ity € {1...n} such that:

Z%>sz’



Effect on BS CI

We have

d55C(0,w) =2min{|J]: Y w; > 3w} — 1
J icJ idJ

Note that: dF°¢(0,w) > m'a’;’i‘{'}%} > [|wl]1

mgﬂ@} is called the max-fractional distance and ||w||; is called the

fractional distance in this context.

While ||w||1 is easy to compute it is only a lower bound on the error
correction capability.
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Additive White Gaussian Noisel

AHTipOdG' signaling: ci—c;=1—2¢c; c¢; = %(1 — 57;), AXY

A(1 - @@),y) % 0

_ -"|"I’I'I’|'|‘|'”|[”

pillhg

On an AWGN channel the “distance” to the word w equals

wp(w) = (||w||1)2_

[lwll2

Vv
£
e
<

I

—_T.
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A [155,64,20] Code by Tanner (Part 1)'

A (3,5)-regular LDPC code constructed by Tanner.

Codelength 155

Rate 64/155 = 0.4129
Girth of the factor graph 8 (optimal)
Diameter of the factor graph 6 (optimal)
Minimum Hamming weight 20

Minimum pseudo-weight (AWGN) | 10.8 < wi'pi3V < 16.4
Minimum pseudo-weight (BSC) woG, < 10
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The general Case!I

Assume a memoryless channel with binary input « € {0, 1} output
alphabet % and channel law p(y|z).

P((w,)\>>0) < E[ea:p(—s((w,)\>))], s >0

(S wr log P10 p(y|1) swi)
Elexp( (Z i 109 oy ‘1)))] [H( e |0))

al p(yll) swil p(y|1) sw:
H E( oy |0)) | =ex (ZIOQ(E[( e |0)) 1))
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7))

N p(y[1)
P({w,A\)>0) < e:vp(i; IOg(E[(p(y|O)

Consider the elements of w as realizations of a r.v. drawn from the
empirical distribution given by w.

p(y[1)
p(y|0)

p(y[1)
p(y|0)

N
> 10g(E[( )*1]) = NE, |log(Eyl(
=1

)Sw])]

The generalization of Bhattacharya distance to pseudodistance then
becomes:

p(y[1)
p(y[0)

dy = —min &
p s>0 w

log (Ey[( )S“])]



p(y[1)

0y )

dp = —min E,, [l0g(FE
D NI L a( y[(

and we get

P((w,A)>0) < exp(—Ndy)

(Bhattacharya distance: w; € {0,1},5 = 0.5,d = — log(E[,/p(y/1)p(y[0)]))



What’'s next?l

We know how to evaluate the fundamental polytope on different
channels based on the notion of pseudodistance.

This can be applied to arbitray channels by the Bhattacharya pseudo-
distance

The task is now to construct matrices H such that d, is large for
given length and rate.

We need general bounding techniques for pseudodistance!

JBEC > dé;gc > wlln S |w|]
D _— d;‘ GN — maxi{wi} - -
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Bounds on the Minimum Pseudo-Weight for the AWGN channel (?)I

Techniques for obtaining on the min. pseudo-weight:
e Bounds based on of HT -H.
. based bounds.

Techniques for obtaining upper bounds on the min. pseudo-weight:

e The pseudo-weight of any valid pseudo-codeword gives an upper
bound. Canonical completion.
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Some geometryl

The pseudoweight on an AWGN is given as

(w,1)° % cos?(£(w, 1)).

pseudodistance cone
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€

. . [lw][1 |
The simplest bound: ||wl[1 < F5 L < |

2 >
lwlls  _—  llwll3 ||w]|% < llwl]

max;w; — max;wil|wllt ) wimax;w; = [|wl|

NN

The normalized L1 norm is a simple lower bound on the pseudodis-
tance of both the BSC and the AWGN channel and can be efficiently
computed by a linear program. (Since we have a polynomial humber
of faces in P(H) we can find the vertex of minimum L1 norm in each
face. The smallest nonzero L1 norm is the sought after quantity)
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Assume the underlying graph has girth g.

M
A%

Al > 3G -1~ G- DI

>=i(i—-1)
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A Lower Bounds on the Minimum Pseudo-Weight based on Eigenvalues

Let C be a (7, k)-reqular code of length n.

e Let H be the parity-check matrix. component.

A
o LetL=H'H.
o Let 11 and po be the largest and second largest eigenvalue,
respectively, of L.

Then the minimum Hamming weight and the minimum AWGNC pseudo-
weight of C are lower bounded by

: . Vi _
wlin(C) > wl"(C) > n. L F2,
M1l — U2

35



Assume w c K(H) =>Vji=1...m er(j)H% > 2||w|—(])|]%
Consider a vector y = wH?!:

lyll5 = 2 i1 ||wl_(j)||% > > it 2||W|‘(j)||% = 2jlw||3

Let w be represented in the eigenspaces of L as w = Y; a;x; with
x1 being the normalized all one vector with eigenvalue jk and a1 =
1/Nl|w||1.

We have

lyl3 = wiw! = S a?u; < afuy + (S a?) = afuy +
po(|lwl|3 — a2) = 1/N||w||2(u1 — p2) + pollwl|3

We get:

36



1/Nlw||f(p1 — p2) + pallw||5 > 2j|lwl|3

or

2
||‘—‘-’||% > NQj—,LLQ
|wl|5 1 — 2



A Lower Bound on The Minimum Pseudo-Weight based on Linear Prog

Let w be any pseudo-codeword with ||w||{ = 1. Then the (rank-1)
matrix

( w% wiwo wiwszg - wlwn\
A Wwow1 w% Wows3 -+ Wown
M=w' w= 2
= W= |w3w] w3wp w3 - w3wn
' 2
KCL)nUJ]_ wan an:% e wn )

has the following properties:
e entries are non-negative,
e > ;[M];; =1,
e Trace(M) = ||w||3,
[
[

w|

row i of M equals w; - w,

column j of M equals w, - w'. 37



Associate with each entry in M a variable M; ; The linear program
reads:

Maximize > Mi,i

subject fo M.; € K(H),M;. € K(H);>;;M;; = 1, M;; >
0; M; j = M,

The linear program can be improved by creating N LPs using con-
straints of type: M; ; > M, ., Vk # i etc.

38



Upper boundsl

We exhibit pseudocodewords of low weight. Assume we have an idea
that a vector x is similar to a bad pseudocodeword.

For a given parity check matrix H we can consider the program
Minimize: (x, w)
subject to: w € K(H), ||w||1 =1

Repeating the procedure replacing x with the found w reveals a w
with low pseudoweight close to x.

39



We can use this LP on all binary starting vectors of weight up to w
which typically yields pseudocodewords of low weight very quickly.

(If none of the values of the program is below 0.5 then we can
guarantee that the pseudoweight on a BSC is at least 2w + 1)



An Upper Bound based on the Canonical Completion (Part 1)'

Tier: 0

The canonical completion for a (3, 4)-regular LDPC code. On check-

regular graphs the canonical completion always gives a (valid) pseudo-
codeword.

40



An Upper Bound based on the Canonical Completion (Part 2) I

Example: [7,4, 3] binary Hamming code.

The canonical completion starting
at wiq is

€
O
n

1 1 1
(1§§§

WGNC [|w]|
(w) =
lwl[5
2
_ (14545 +3+5+5+3)
com ldgrtgrtstertsts
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Assume we have a canonically completed pseudocodeword w. Let bit

i be at distance 2t from the root. w; = (k—ll)t

1
||w||1 — ZtZO NQt(k_l)t
— 1
||UJ||% — ZtZO NQt(k_l)Qt Z 1

Noy < j(j—1)1(k—1)!andwe get ||w||1 < 1431 1 j(i—-1)1 <
s =17
]—2

where T is chosen minimal so that >/, j(j — 1) 1(k—1)! > N
Hence, > 1 j(G—1)" Y(k—1) < Nand N > ((j—1)(k—1))T1,

42



log N
_|_ g

It now follows T' < 1—|—|og((j"_’%)]\([k_1)) and ||w||1 < 32(] 1)" " leg(G-DE-1))
lll3 1G=1) — log(( IO1)]\([% 1))
it < (45)" 6 - e



An Upper Bound based on the Canonical Comp/etionl

Theorem: Let C be a (4, k)-reqular LDPC code with 3 < j < k. Then the minimum
pseudo-weight is upper bounded by

AWGNC -
wp,min (C) S B;,k . nﬁ,}ﬁk’

where

,_(iG-DN\* . log((j—1)?)
6j"“_< J ) - i o (G-DGE-D)

Corollary: The minimum relative pseudo-weight for any sequence {C;} of (j,k)-
reqular LDPC codes of increasing length satisfies

jim (om0
n—00 n

(exp(—a'n+) < Pg < n exp(—an+/*))

(right hand side : Wiberg, Lentmaier et al.)
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One more surprising observationl

For an AWGN channel we have:

AWGNC / -
wp,min (C) S 5J,k ’ nﬁj’ka

, _(1G-DY> . _ leg(G-1)?)
g _< ) ’ ﬁ]’k_log((j—l)(k—l)fl'

For a BSC channel Felman et al. proved that a constant fraction of
errors is decodable for some good enough expanders.
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But then:

On AWGN: P, > Ke—on’

On BSC: P. < K'ne=o'™n

Bk

, .
Pé4WGN > ae ik > o'eB'n > PESC

for large enough n

Quantizing the received symbols will actually give a better perfor-
mance |
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y Min—-Sum/ C
LP decoder [——
Decoder A
one bit y' | Min=Sum/
quantization LP decoder
Decoder B

log(Pe)

SNR
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How to solve the LP?'

The grand plan: Look at the dual program and use a suitably modified
version of the Min-Sum or Sum-Product algorithm as computational
engine.
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Primal and dual LPsl

Primal program: minimize (x,a) subject to Ax” + bT < 07

Dual program: maximize (X, b) subject to AA+a =0, XA = 0.

J(A) = minx{(x,a) + A(Ax! + b1)}
= minx{(A\,b) + (AA + a)x1)} = (A\,b) — [AA +a = 0]

Assume x* is the solution to the primal problem.

A0
(x*,a) > (x*,a) + A(Ax*T +DbT) > J(N)
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A graphical representation of the primal LPI

Objective function:

Z i+ Z[CB@ = w0l + Z[[uz € CH(A)] +
> iy =wvisl + > [ve CH(B))J






Dualizing a graphical convex optimization prob/emsl

The dual of a graphical convex optimization problem is obtained by
dualizing the individual cost contributions:

Fenchel duality: f (v/) < f(u)

fl@) = sup({x, u') — f(u))
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A graphical representation of the dual LPI

Objective function:

=D =2l ) [ei=—uigl - min (uja)-

Z. cCH(A)
i = —v; 4l — min b
ZZ;[[U J v ,Jﬂ beCH(BJ)@ )
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Solving the dual LPI

Find an assignment of variables that maximizes

i MiNaeom(a;) (W @) + X Mingecm(p,) (L, b)

subject to u; and u; g = —\;

] >]

A variety of algorithms is available for this task....
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Consider a single edge (i,7) in the graph. Assume all values of dual

: N / A /
varibles are fixed except u; ; and v; ; = —u; ..

H /
Ming ccr g;) (B, V')
\ " X
% % = %
M mjﬂ\ j—i

MiNy ccH(a) (& W)

Miny cchs;) (0,V')

MiNy ccH (A)(a, u
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A modificationl

We replace the minimization with "soft“minima

1
min (u,a) — klog ) e k(W)

acCH(C) acCH(C)

o
) i j
t
M—j

_— N
; ; I
t t t
mej mji
" /—
i Vi
&
i

This leads to Sum-Product vs. Max-Product
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The "soft min" version solves

A, x) + [x € P] — w(H(a) + H(B))

a, 0 are the probability mass function for the minimizing point in
CH(A;) and CH(B;).



An A/gorithml

1) Run an iteration of the Sum-Product / Min-Sum algorithm

2) Project the found values u; ; and v; ;, i.e. the messages m;_,; and
m;_,; onto the line u; ; +v; ; = 0.

* Convergence of the algorithm is guaranteed(!) if one considers one
edge at a time.

* For the converged algorithm exactness of the LP solution can be
guaranteed (x — 0)

* Correctness of the hard decisions can be guaranteed for the de-
cidable positions.
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Conclusions: What we know and what we don’'t know: LP — BP |

e Precise characterization of the algorithm (\/, ?)

e Equivalent minimum distance characterization (/, ?)
e Cycle codes are well understood,(/, \/)

e Ensemble behavior (7, \/7)

e Analytic error bounds (7, /)

e Analytic proof of thresholds (1/, /)
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Conclusions l

e LP decoding performance is close to iterative decoding perfor-
mance (typically, between Sum-Product and Min-Sum decoding)

e The polytope P characterizes the LP decoder completely.

e On different channels the effects of P are different - and
fairly well understood

e The main problem becomes the construction of polytopes P with
large pseudodistance — the new game is (n,k,d,(H)) instead
of (n,k,dp)

e General purpose LP solvers run in polynomial tfime but are fairly
inefficient.

e Belief-propagation algorithms can be (slightly) modified to pro-
vide highly efficient LP solvers (typically for integer, low-density
check structures)
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e LP decoding becomes an attractive opportunity, especially if
theoretical guarantees are required.
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